First a review is given of Riemann-Cartan space-time and Einstein-Cartan gravity. This gives us the necessary tools to handle the SO(2,3) Yang-Mills gauge theory for gravity. New here is the derivation of the conservation laws. Possible solutions of the field equations are discussed.
Introduction
The fact that gravity can be described as an anti-de Sitter gauge field theory has been known for some time. Gravity was first formulated as a de Sitter or anti-de Sitter gauge theory in papers by Townsend, MacDowell and Mansouri [1] . Later, Zardecki used the notion of the connection of Cartan, to describe gravity in such gauge formalism, and formulated the BRST invariance of the theory [2] . Gotzes and Hirshfeld used a Clifford algebra valued Cartan connection to give a geometical formulation of anti-de Sitter gravity [3] . Later, Ashtekar's formalism was applied to the gauge theory of the de Sitter group [4] .
In order to reproduce the structure of an Einstein-Cartan theory, the SO(2, 3) gauge symmetry must be spontaneously broken to the Lorentz-symmetry. The symmetry breaking mechanism with the Higgs scalar field was discussed extensively by Stelle and West [1] . The geometrical concepts involved in the process of symmetry breaking in electroweak theory were compared with the corresponding geometrical concepts in anti-de Sitter gauge theory in Ref. [5] .
The standard theory of strong and electroweak interaction is based on the Liealgebra su(3) ⊕ su(2) ⊕ u (1) . Using the so(2,3) algebra for gravity, there is the possibility to unify the fundamental interactions within a Yang-Mills gauge theory [6] . The smallest simple Lie-group that contains all the required sub-symmetries is SO* (14) . In fact: so(2, 3) ⊕ su(3) ⊕ su(2) ⊕ u(1) ⊂ so * (6) ⊕ so * (8) ⊂ so * (14) ⊕ so * (16) , and so * (16) is a maximum subalgebra of both non-compact real forms of E 8 . Notice that so(2, 3) ⊕ su(3) ⊕ su(2) ⊕ u(1) is the even subspace in a Z 2 grading of so * (6) ⊕ so * (8) . †Former affiliated with: Physics Department; U.I.A., Universiteit Antwerpen Belgium †On retirement from ENGIE Laborelec, Belgium
In this work, we consider the anti-de Sitter gauge theory for gravity as a pure YangMills theory. In section 2 we present the basic information on the structure of a RiemannCartan spacetime (see also Refs [7, 8, 9] ). This is a Riemannian manifold with a solder form θ a and a metric compatible spin connection ω ab as fundamental geometrical variables. In terms of these variables a complete and intrinsic description is given of the gravitational field on the spacetime manifold. Some general relations are given that are used in the course of this work.
In an anti-de Sitter gauge theory with symmetry breaking to SO(1, 3), gravitational interaction must be formulated in terms of the local Lorentz group. Therefore in section 3 we consider local Lorentz transformations for matter fields. The Noether identity for this Lorentz symmetry is derived for a massive fermion field. Expressions for the energymomentum and spin angular-momentum 3-forms are obtained using the expression for a general variation of the matter Lagrangian. In section 4 we consider the gauge field Lagrangian for a local Lorentz gauge theory and derive the field equations for EinsteinCartan gravity. Then using the first Bianchi-identity, the Noether identity for the local Lorentz symmetry derived in section 3, is obtained from the field equations. Using both Bianchi-identities and the field equations a conservation law for the energy-momentum is derived.
Starting from the Yang-Mills action for the SO(2, 3) symmetry defined on the anti-de Sitter frame bundle, we obtain in section 5 by re-expressing the gauge field Lagrangian in terms of quantities defined on the Lorentz-frame subbundle, the expression for the gravitational Lagrangian in anti-de Sitter gauge theory. Subsequently, the gravitational field equations are derived and the conservation laws for anti-de Sitter gravity. These are the Noether identity for the local Lorentz symmetry from section 3 and 4 and the conservation law for the energy-momentum which is of the same form as for EinsteinCartan gravity. Solutions of the field equations depend on the scale of the de Sitter length l. Different theories are obtained depending on the scale length. Explicit solutions in case of a Schwarzschild and RW-geometry are given in the appendices.
2 Riemann-Cartan Spacetime
The Vierbein
Let (M, g) be a four-dimensional, paracompact, Hausdorff, connected C ∞ -manifold, with a non-singular metric g of signature (-,+,...,+).
If {X a (x)} a=0,1,2,3 is an orthonormal frame, and {∂ α (x)} α=0,1,2,3 a coordinate basis, then the X a transform under SO(1, 3) local into an orthonormal basis, while the ∂ α transform under GL(4, R) local .
Let e α a be the matrix which transforms the coordinate basis ∂ α into the orthonormal basis X a :
X a = e With,
Since in each point x ∈ M, the e α a are the components of a basis of orthonormal tangent vectors, these components are also called vierbein. The Lorentz index a of the vierbein is raised and lowered with the Minkowski-metric η ab , while the spacetime index α is moved with g αβ (a is a SO(1,3) tensor index and α a GL(4, R) tensor index). Therefore, we have from (2.4) e If θ a (x) are the dual one-forms corresponding with X a (x), this means,
Also we have
The vierbein and its inverse e The corresponding co-frame θ a transforms as
while the orthonormal basis transforms as
Analogous to (2.1), (2.2), (2.4), (2.6), (2.7) and (2.9), tensor indices with respect to the holonomic basis (anholonomic basis), can be transformed into tensor indices with respect to the anholonomic basis (holonomic basis), by multiplying with the matrices e α a (e a α ). For example, let V (x) be a vector field, then with (2.1)
and with (2.5)
The Spin Connection
The covariant derivative of a vector field V (x) = V α (x)∂ α (x) with respect to the coordinate basis is given by
with the GL(4, R) connection defined as
The covariant derivative of a vector field V (x) = V a (x)X a (x) with respect to the orthonormal basis is given by
with the SO(1, 3) connection defined as
The matrix of 1-forms
is called the spin connection.This connection can be coupled to spinor fields, which is not the case for the GL(4, R) connection. As with other gauge fields, the spin connection can be coupled to a field in any required representation of the local Lorentz group. The requirement that the covariant derivative transforms homogeneously under a local Lorentz transformation, this is,
gives rise to the following transformation rule for ω α
The matrix ω α transforms under SO(1, 3) local as a gauge field: the spin connection is the gauge field of the local Lorentz group. If one calculates the covariant derivative of ∂ α expanded in the anholonomic basis as in (2.2) using (2.18), this is
and likewise in the holonomic basis, where
then by equality of the right hand sides one finds
This equation gives the relation between the spin connection ω and the GL(4, R) connection Γ. The covariant derivative of the vierbein which has multiple indices, is obtained by using the appropriate connection term for every index. Equation (2.27) thus means that the covariant derivative of the vierbein is zero
which shows that both versions of the covariant derivatives are equivalent. If one calculates the covariant derivative of g αβ
If ω ab = −ω ba , then the metric tensor and the spin connection are called compatible. A Riemannian manifold with a metric-compatible connection ω, is called a Riemann-Cartan space.
From now on let (M, g) be a Riemann-Cartan spacetime. The vierbein 1-form θ a and the metric-compatible connection ω ab are then the fundamental geometrical variables. They satisfy the equations of Cartan
with d the exterior derivative and D the SO(1, 3) exterior covariant derivative. The two-forms Ω ab and Θ a are the Riemann-Cartan curvature and torsion two-form, respectively. Using (2.24) we find that under a local Lorentz transformation, the curvature form transforms as Ω
while the torsion form transforms as the co-frame
The components R After substitution of (2.43) into (2.27) and making use of (2.4) and (2.9), one finds the explicit expression for the GL(4, R) connection
with { γ α δ } the Christoffel symbol and
The expression (2.46) is also found from the linear combination
after using (2.42).
The splitting of the Riemann-Cartan curvature two-form in a torsion-free and a torsion term, can be find by substitution of (2.43) into (2.32)
HereΩ ab andD are the curvature two-form and exterior covariant derivative calculated with the Levi-Civita connection.
Some General Relations
With {θ a } the orthonormal co-frame, the 4-volume form ǫ is given by the Hodge dual of 1
where ǫ abcd is the Levi-Civita symbol with ǫ 0123 = 1, and Further we define
These forms together with ǫ span the Grassmann algebra of exterior forms on spacetime M.
In the course of this work, the following relations will be of use
As a consequence of (2.31), we have
64) For differential forms Φ and Ψ of the same degree, we have
We will often make use of the Bianchi identities,
In deriving conservation laws from field equations in sections 4 and 5, the following relations will be of use ( * D * ) 2 Ω ab = 0 (2.68)
The Gauge Symmetries of the Lorentz Group
Spinor Representation
Matter fields are represented by tensor p-forms ψ of type (L, E) with L denoting the representation of the local Lorentz group in a linear space E. Under a local gauge transformation Λ(x) ∈ SO(1, 3), a section ψ(x) of E is thus transformed as
For the spin indices of matter fields we have the transformation law
L is the spinor representation of the tetrad rotation Λ.
The Dirac matrices γ a = η ab γ b generating the real Clifford algebra C(1, 3) on Minkowski space, are represented by
with σ s = σ † s the Pauli matrices providing a set of basis operators of the fundamental irrep of su (2),
The Dirac matrices satisfy 1 2
The (4x4)-matrices
provide a set of generators of the fundamental spinor irrep of so(1, 3). Accordingly they satisfy
and
Spacetime dependent Dirac matrices can be introduced as
They satisfy
where we used (2.27), (3.5), (3.6) and the expansion of the spin connection ω = ω α dx α in the so(1, 3) algebra:
The exterior covariant derivative Dψ of the matter field ψ transforms like a spinor
if it is defined as Dψ = dψ + ωψ (3.13)
and ω transforms as
Consider now an infinitesimal Lorentz transformation
then from (3.2) and the relation
it follows that the rules for the local Lorentz transformation ψ ′ = ψ + δψ of a spinor ψ are given by
this is,
The adjoint spinorψ = ψ † γ 0 transforms as
where
This transformation rule is derived using
then Dψ transforms likeψ , this is
Under an infinitesimal Lorentz transformation (3.15), the spin connection transforms as
This follows straightforward from δω = ω ′ − ω and (3.14) after substitution of (3.18) and (3.20) .
Dα ab σ ab and (3.7), one obtains
Noether Identities from the Lorentz Symmetry
The independent variables in a SO(1,3) gauge theory are ω ab , θ a and ψ. A Lagrangian describing matter fields in this gauge theory, is a functional
We say that this matter Lagrangian 4-form is locally gauge invariant if it is invariant under the simultaneous transformations (2.11), (2.24), (3.1) and (3.12). If ψ is a spinor field, these transformations are expressed by
while Dψ transforms as ψ.
The Lagrangian for a massive fermion field in interaction with the Lorentz gauge field is
where γ = γ a θ a and * γ = γ a ǫ a its Hodge dual. Under an infinitesimal Lorentz transformation, we have
Here we used equations (2.51),(2.54)-(2.56),(2.59)-(2.61) and (3.27). From (3.31) we have then
Using this and equations (3.16) and (3.26) one finds that every term in the matter Lagrangian (3.29) is invariant under an infinitesimal Lorentz transformation:
the variation of L M can be written as
With the equations of motion satisfied (see (3.45)), we have from δL M = 0 the conservation law (Noether identity)
we find, using (3.26)-(3.28),
which is also the expression for a general variation of L M with respect to (θ a , ω ab , ψ). Thus T a is the variational derivative of L M with respect to θ a and therefore recognised as the energy-momentum 3-form. S ab is the variational derivative with respect to ω ab and represents the spin angular-momentum 3-form. / Dψ and / Dψ are the variational derivatives of L M with respect toψ and ψ respectively, such that
are Dirac's equations of motion for the fermion field in interaction with the Lorentz gauge field. Fromψ / Dψ − ( / Dψ)ψ, one obtains the conservation law for the probability current:
with T b ab components of the torsion tensor in an orthonormal basis, this is
, the Dirac equations (3.40),(3.41) can also be written as
where we also used that
The energy-momentum 3-form T a defined through (3.38) is also written as
Its trace is given by
where we used that
If the equations of motion (3.45) are satisfied, the trace becomes
The spin angular-momentum 3-form S ab defined through (3.39) can also be written as
4 Einstein-Cartan Gravity
Gauge Field Lagrangian
In a Lorentz gauge theory, the gauge field Lagrangian will be a functional of
We say that this gauge field Lagrangian is locally gauge invariant if L is invariant under the simultaneous transformations (2.11), (2.34) and (2.35). Lagrangian's with this property are for example,
Einstein-Cartan Field Equations
In Einstein-Cartan (EC)-gravity, the Lagrangian for a system of (minimally) coupled matter and gauge fields, is a functional
where,
is the EC-Lagrangian (4.4). For the matter Lagrangian we have for example the Dirac Lagrangian (3.29),
and the Lagrangian for a Yang-Mills field,
The stress-energy momentum 3-form of these matter fields is defined by
This gives for the Dirac Lagrangian (4.8) again equation (3.50) for T a . From (4.9) we obtain,
The spin-angular momentum 3-form which is non-zero only for fermionic matter fields is defined by
ab the expression (3.39) already obtained in the derivation of Noethers theorem for the Lorentz symmetry.
Field equations are obtained by independent variations with respect to e a α and ω ab α . In deriving these equations we discard any total divergence and use the relations
Conservation Laws
The conservation laws in EC-gravity may be evaluated from the field equations (4.16) and (4.17). We first take the wedge product of (4.16) with θ f and change indices according to d ↔ b, f ↔ a. Taking the anti-symmetric component in the indices a and b, and the Hodge dual of the resulting equation, gives
Acting with D on (4.17), then taking the Hodge dual, gives after using the first Bianchi identity (2.67), 1 2
Using (2.70), we obtain by comparing (4.18) and (4.19), the Noether identity for the Lorentz symmetry,
To obtain the conservation law for the energy-momentum, we take the exterior covariant derivative of the first field equation (4.16),
We take the interior product of this equation with X f , and the wedge product of the resulting equation with θ d . After using both field equations and (2.66) one obtains, : zero torsion (4.25)
Remark that the conservation laws (4.20) and (4.22) are the same as those resulting from local invariance under the 10-dimensional Poincaré group of matter fields on a RiemannCartan spacetime [8, 9] . For an isolated matter system in special relativity (SR) where Θ a = Ω ab = 0 (and the field equations (4.16), (4.17) are not satisfied) one obtains using Cartesian coordinates,
These equations represent the 4 plus 6 conservation laws of energy-momentum and total angular momentum (spin part + orbital part) obtainable from global Poincaré invariance of SR. They imply the existence of 4+6 conserved (=time-independent) global charges
where the integrals are over all space at a fixed time and the integrand must fall rapidly enough as |x| approaches infinity to obtain a finite integral. In the quantum field theory, these conserved global symmetry charges from Noethers theorem are Hermitian operators on the infinite dimensional Hilbert space of states of the field. They generate the unitary infinite dimensional representations of the Poincaré group on which Wigners mass-spin classification of elementary particles is based.
5 Anti-de Sitter Gauge Theory
Gauge Field Lagangian
Essential in the formulation of the gauge theory for gravity is the notion of fibre bundle reduction and the related concept of symmetry breaking [10] . If P (M, G) is a principal fibre bundle with structure group G over space-time M and H a closed subgroup of G, then the existence of a principal subbundle Q(M, H), is equivalent to the existence of a section (a 'physical Higgs field') ϕ : M → P/H, where P/H is the associated bundle to P by the action of G on the coset space G/H. There exists a one to one correspondence between these sections and equivariant mappings φ : P → G/H ⊂ V of type (ρ, V ) where V is the vector space on which G acts through a representation ρ :
. Using this concept of symmetry breaking, the original Lagrangian defined in the G-principal bundle P can be re-expressed in terms of quantities defined in the H-principal subbundle Q. Therefore, let P (M, G) be the anti-de Sitter frame bundle which is a G = SO(2, 3) principal fibre bundle, and Q(M, H) = O(M) the Lorentz frame bundle, a H = SO(1, 3) subbundle of P . The anti-de Sitter algebra g = so(2, 3) splits into a Lorentz subalgebra h = so(1, 3) and a complementary vector space t = R 1,3 isomorphic with Minkowski space,
The ten generators K ab defining the anti-de Sitter algebra
where η AB = diag(−1, 1, 1, 1, −1), split into six generators J ab = K ab of the Lorentz subgroup and four anti-de Sitter boosts P a = (1/l)K 4a , l the de Sitter length. In the basis {J ab , P a }, we have the commutation relations
Ifμ is the connection one-form of a Cartan connection on P , then the restriction µ ofμ to Q, i.e., µ = γ * μ where γ : Q− > P is the identity injection of Q into its extension P , splits according to the Lie algebra structure into a h-valued part ω and a t-valued part θ,
where ω ab = µ ab and θ c = lµ 4c .From (5.4) we have that [γ * h, t] ∈ t, which implies that ω is the connection one-form of a Lorentz connection on Q and θ a tensor one-form of type (AdH, t) on Q, where Ad denotes the adjoint representation of the symmetry group. The tensor form θ a is identified as the canonical form on O(M). The reduction ∆ = γ * ∆ to Q of the curvature∆ calculated fromμ on P , can be written as
and [, ] denotes the exterior product of Lie algebra valued forms. The two-form Ω ab is the curvature of the Lorentz frame bundle O(M) and Θ a its torsion two-form. Remark that
From the Bianchi identity on P d∆ + [μ,∆] = 0 (5.12)
we find after reduction to the sub-bundle Q,
Within the fibre bundle formulation of a Yang-Mills gauge theory, the gauge field Lagrangian on P (M, G) is defined as a Yang-Mills Weil form [11] 
where L 2 is an Ad(G)-invariant Weil polynomial of degree two on the Lie algebra g. In the case g = so(2, 3) here considered, the restriction ∆ of∆ to Q is a tensor two-form on Q. Then the restriction to Q of the Weil form itself, i.e., L 2 (∆, * ∆) = γ * L 2 (∆, * ∆), projects to a unique four-form L on M such that
where π is the projection from Q on the base M. The invariance of (5.15) under general gauge transformations (the vertical automorphisms of P ), follows from the Ad(G)-invariance of L 2 and the fact that∆ is a tensor two-form. Notice that in (5.16) the four-form L (Lagrangian on M) is defined without using pull-backs through natural sections of P defined by a choice of a local trivialisation (gauge fixing) of the principal fibre bundle.
For matrix groups, an Ad(G)-invariant Weil polynomial on of degree two on its Liealgebra g is proportional to
In our case where g = so(2, 3), tr(X) = 0 and (5.17) is proportional to the Killing form.
In the 5x5-matrix representation the generators K AB of the Lie algebra so(2, 3) are given
It is then straightforward to obtain that
and therefore
We introduced constant C, since the Weil polynomials are defined only upon an arbitrary constant. We then substitute the explicit expressions for Ω, Θ, Σ as given in (5.7)-(5.10), into the Lagrangian (5.15). Using the multi-linearity of L 2 and (5.19)-(5.22), we obtain a gravitational Lagrangian which besides curvature-squared and torsion-squared terms also contains the Einstein action with cosmological term. In fact, 
we identify θ a as the co-frame corresponding to an orthonormal frame X a , Ω ab and Θ a as the Riemann-Cartan and torsion two-form of the base manifold M. To simplify notation we will use for these tensorial quantities on the base manifold M the same notation as their corresponding quantities on O(M).
Field Equations
Varying the Lagrangian supplemented with the matter Lagrangian L M , with respect to θ a and ω ab , gives the field equations are the YangMills energy-momentum 3-forms associated with the curvature and torsion kinetic energy respectively,
and,
In a coordinate basis and for a metric-compatible connection, the field equations are
where κ = 8πl 2 p . They are obtained straightforwardly by using the expressions (2.36), (2.37) and (2.6) for Ω ab , Θ a and θ a , and the general relations of section 2.3.
Conservation Laws
From the Bianchi identities and the field equations, we can derive the conservation laws for anti-de Sitter theory. We take the wedge product of the first field equation ( 
Acting with D on the second field equation (5.29), then taking the Hodge dual, gives after using the first Bianchi identity and (2.68),
Using (2.70), we obtain by comparing (5.37) and (5.38), the Noether identity for the Lorentz symmetry,
To obtain the conservation law for the energy-momentum we take the wedge product of θ a with (5.29). The Hodge dual of this equation gives after using (2.71),
Acting with D on (5.28) gives after using (2.69), taking the Hodge dual, and changing indices d ↔ b,
By comparing (5.40) and (5.41) we find,
To get this differential conservation law in the same form as (4.22), we take the exterior covariant derivative of the first field equation (5.28),
where we defined
represents the bare cosmological energy 3-form of anti-de Sitter gravity. We take the interior product of equation (5.43) with X f , and the wedge product of the resulting equation with θ d . After using both field equations and (2.66) one obtains,
We also used DT
The Case of Zero Torsion
For zero torsion, the field equations (5.28-29) reduce to, 
2 p S ab the spin tensor must be zero for zero torsion. Here this is no longer the case. The conservation laws (5.45-46) reduce to,
So, for zero torsion and zero spin current, the matter tensor and curvature kinetic energy are conserved. From (5.52) we see that T
is a symmetric tensor (with zero trace), implying that for zero torsion T 
Solutions
Depending on the limit considered one obtains different theories.
(1) l → ∞ (g l → 0) In this limit, the theory reduces to the Stephenson-Yang theory [12] . The Lagrangian of the theory with λ arbitrary, is a solution. By (5.57) these are the only solutions. P Baekler and P B Yasskin have proved [13] that the only spherically symmetric solutions of the torsion-free equations (5.57)-(5.58) are (i) the Schwarzschild-de Sitter metrics with arbitrary cosmological constant λ; (ii) the Nariai-Bertotti metrics with arbitrary λ; (iii) a specific family of flat spherical wave metrics. Remark that the cosmological constant λ is not a fundamental constant as in Einsteins theory (there is no cosmological term in the Lagrangian in this limit). Rather, λ is a property of the solution (an integration constant). Our theory has no matter solutions in the limit here considered. So, l → ∞ corresponding to an anti-de Sitter → Poincaré contraction of the spacetime symmetry group, also corresponds to the "vacuum limit". The original Stephenson-Yang theory has serious difficulties with matter solutions and the field equations do not reduce to Poisson's equation in the Newtonian limit.
For zero torsion the field equations (5.50)-(5.51) reduce to, the Schwarzschild metric is the unique spherical symmetric solution [14] .An explicit calculation of this result is given in appendix A. Inside matter, the second field equation (5.61) imposes restrictions on the solution set of the first field equations. For example for the RW-geometry, the Yang-Mills equation determines the equation of state for the matter present. The only solution found for a RW-geometry with a perfect fluid matter content is the early universe. This is shown in appendix B.
Solutions of gravitational theories based on a gauge invariant field Lagrangian at most quadratic in curvature and torsion (as is (5.23)) have also been studied by H Goenner and F Müller-Hoissen [15] , and by J.Garecki [16] .
Appendices
A Schwarzschild Geometry
A.1 Geometrical Quantities
The Schwarzschild metric,
with λ = λ(r), µ = µ(r).
In a non-holonomic basis,
Calculate dθ a = −ω a b ∧ θ b and read the connection one-forms, 
(A.14)
Obtain the components of the Ricci-tensor from R ab = R c acb and the Ricci-scalar R = R a b and the Yang-Mills field equations, we need more geometrical quantities such as the contractions of the curvature 2-form and its dual with the vector fields X a dual to the basis 1-forms θ a . The contractions Ω ab (X c ) are obtained using
The dual curvature * Ω ab , is obtained using
The contractions * Ω ab (X c ), are obtained using
Finally the Bianchi-identities,
give two independent equations,
A.2 Field Equations
We consider vacuum solutions with dark energy (Schwarzschild-de Sitter spaces). Thus,
The bare anti-de Sitter cosmological term and all contributions from zero-point fluctuations from field theory degrees of freedom, potential energy from scalar fields, etc are absorbed (fine-tuned) into Λ. We will not assume a priori the limit l → l p .
Then the field equations are,
This gives tree Einstein equations: the tt-, rr-, and θθ = φφ -component,
and two Yang-Mills equations: the tr-and rθ = rφ -component,
A.3 Solutions
A.3.1 Schwarzschild black-hole
Here dark energy and R 2 -terms are neglected in the field equations:
The Einstein-equations reduce to,
Substitution in the Yang-Mills equations reduces these to,
and with k as integration constant:
We can chose the constant k to be zero by replacing the time coordinate t by another coordinate te −k . This is equivalent to replacing λ by λ − k, so that
, the Yang-Mills equation (A.60) is explicitly:
Compare this to the Einstein equation A + 2B = 0 Integration with −2GM as integration constant gives,
were r = r s = 2GM is the event-horizon.
A.3.2 Schwarzschild-de Sitter space
Here only the R 2 -terms are neglected in the field equations:
Substitution in the Yang-Mills equations gives then,
, the Yang-Mills equation (92) is explicitly: Integration with −2GM as integration constant gives,
For r ≫ r s we have de Sitter space. For r ≪ (
we recover the Schwarzschild solution. B FRW Geometry
A.3.3 General case

B.1 Geometrical Quantities
The FRW metric, 
B.2 Energy-Momentum and Spin Current
Taking into account the symmetries of the FRW-geometry, the stress energy tensor complying with these symmetries, is that of a perfect fluid,
The fluid is completely characterised by its rest frame total (relativistic) energy density ρ and isotropic pressure p . We assume an equation of state p = p(ρ) , meaning the perfect fluid is isentropic. This energy-momentum tensor is obtained by varying the matter Lagrangian L M = −ρε , where ε is the volume 4-form, with respect to θ a . Since δ ω L M = 
B.3 Field Equations
The field equations are, contains only contributions from ordinary and dark matter. The bare anti-de Sitter cosmological term and all contributions from zero-point fluctuations from field theory degrees of freedom, potential energy from scalar fields, etc are absorbed (fine-tuned) into Λ. We will consider the limit l → l p only after solving the field equations. This gives two Einstein equations: the tt -, and ii -component, where a i = a(t i ) , andä(t i ) = 0. For a << a i , we have the radiation dominated universe and the expansion is decelerated until a = a i . For a > a i , we reach the era of exponential expansion and dark energy domination. For l = O(l p ) (this is for a coupling constant g l of order unity in the Lagrangian), the solution approximates the solution from Einstein gravity.
